











































































































































































































































































































































































































































































































































































































































































































In a recent analysis of the pair creation of magnetically charged black holes by a magnetic





is the black hole entropy, relative to the pair creation rate for GUT monopoles [1]. This
result is important because it provides a clue to the problem of the origin of black hole
entropy. In particular, it is consistent with the view that black holes have exp(A
BH
=4)
internal or horizon quantum states.
In this article the pair creation of electrically charged black holes by an electric eld is
considered. The result is essentially the same as for the magnetic case|the pair creation
rate is enhanced by a factor exp(A
BH
=4) relative to the creation rate for a pair of compact,
electrically charged matter congurations (charged stars). On physical grounds, this agree-
ment between the electric and magnetic cases is expected [2,3] since electric and magnetic
elds are related by duality. However, the details of the calculation for the electric case
are not entirely obvious. The apparent diculty stems from the use of instanton methods
in which the leading order approximation to the creation rate is related to the action of a
classical solution, the instanton. For the case of magnetically charged black holes and mag-
netic elds [1{8], the instanton is obtained by the familiar substitution of  it for t in the
magnetic Ernst solution. The resulting instanton consists of a real Euclidean metric and a
real electromagnetic vector potential. On the other hand, for the case of electrically charged
black holes and electric elds, substitution of  it for t in the electric Ernst solution yields an
instanton that consists of a real Euclidean metric and an imaginary electromagnetic scalar
potential. As shown below, this result is correct and leads to the expected pair creation rate
for electrically charged black holes.
The appearance of an imaginary scalar potential is familiar from the path integral con-
struction of the partition function for an electrically charged black hole [9]. If the black
hole is rotating, the shift vector for the instanton is imaginary as well [9{11]. In general,
instantons are stationary solutions with the following properties: all elds that appear in
the Hamiltonian as Lagrange multipliers are imaginary, and the canonical variables are real.
These are the essential properties that allow the instanton solution to match the correspond-
ing Lorentzian solution along a stationary surface.
For simplicity, I will only consider the pair creation of non{extreme electrically charged
black holes (with horizons identied) in Einstein{Maxwell theory. The analysis can be
extended to the case of extreme black holes and to include the coupling of a dilaton eld.
Extensive use is made of Hamiltonian methods, which simplies the analysis considerably.
The results are independent of the details of the theory that describes the charged stars.
Let 










































is the unit normal vector eld of a family of spacelike hypersurfaces.












































constant equal to 1) and the Maxwell equations dF = 0 and d
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g is a solution of





























that the electromagnetic eld F
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g implies that the electromagnetic eld F
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The Ernst solution [12] describes a pair of oppositely charged black holes accelerating
apart in an electric or magnetic eld. The electric and magnetic cases are related by duality

























































































(1 +Bqx=2) + k : (6)




































+qy + k : (7)















For both the electric and magnetic Ernst solutions, certain restrictions must be imposed








3) so that the







A). The angular coordinate x is restricted to 
3













































The black hole event horizon is the null surface y = 
2
, and the acceleration horizon is the
null surface y = 
3
.
For the electric Ernst solution the magnitude of the electric eld on the axis x = 
3
at




































The electric Ernst solution coincides with the electric Melvin solution [13] at spatial innity,




. The metric for the electric Melvin solution is the
same as that for the magnetic Melvin solution, while the electromagnetic eld is determined





= Bz. (The notation is that of Ref. [1], so here B is the value of
the electric eld on the z{axis).
The instanton that enters the calculation of the creation rate for electrically charged








It is useful to adopt a general notation and to consider this step from a Hamiltonian point
of view. First, recall that the metric tensor and electromagnetic potential can be split in























Here, N is the lapse function, V
i
is the shift vector, h
ij






is the scalar potential, and A
i























































In Eq. (10a), D
k
denotes the covariant derivative in space. The lapse N , shift V
i
, and
scalar potential  appear in the Hamiltonian formalism as Lagrange multipliers for the







g denote any stationary real Lorentzian solution of the Einstein{Maxwell
equations, written in stationary coordinates. In terms of the space{time split (9), this



























independent of t and are real. From this Lorentzian solution (i.e., Eq. (9) with tildes placed
over the elds), the substitution t!  it generates another eld conguration, namely, fN ,
























































= 0, the metric for the instanton is real Euclidean; otherwise the metric is complex.
4
The instanton is a solution of the Einstein{Maxwell equations.
1
In the Hamiltonian
setting this follows from a few simple observations. First, according to Eq. (11b), the
canonical coordinates for the Lorentzian solution and the instanton coincide. Also, denition
(10) shows that the canonical momenta for the Lorentzian solution are equal to the canonical
















. Thus, under the substitution t!
 it, the canonical variables are unchanged and the Lagrange multipliers are multiplied by
the factor  i. Now, the Einstein{Maxwell equations include the Hamiltonian, momentum,
and Gauss's law constraints. The constraints are constructed entirely from the canonical
variables|since they are satised for the Lorentzian solution they are also satised for the
instanton. The remaining equations of motion are the evolution equations
_
f = ff;Hg.
Here, the brackets are Poisson brackets, f denotes any function of the canonical variables,
and the Hamiltonian H is a linear combination of constraints with Lagrange multipliers as
coecients. For both the Lorentzian solution and the instanton, the left{hand side
_
f vanishes
by stationarity. Then for the Lorentzian solution the right{hand side ff;Hg vanishes. The
right{hand side ff;Hg must vanish for the instanton case as well, since it just diers from
the right{hand side in the Lorentzian case by an overall factor of  i. This shows that the
equations of motion
_
f = ff;Hg are satised for the instanton conguration.










Ag and its associated










Ag are characterized by the same canonical data,






h. This is an essential feature of the instanton
analysis. It insures that the Lorentzian and instanton solutions match along a stationary
surface. Also note that the value of the proper electrostatic potential as determined by




= =N , is
the same for the Lorentzian and instanton solutions. Likewise, the proper velocity of the
spatial coordinate system, V
i
=N , is the same for the Lorentzian and instanton solutions. In
certain contexts this quantity has a physical meaning. For example, for the thermodynamical
description of a rotating black hole [9,10] in corotating coordinates, V

=N is the angular
velocity of the black hole with respect to the Eulerian observers.























































 iqy  ik : (12b)
The metric (12a) is real Euclidean since the shift vector for the Ernst solution vanishes. The
metric is regular for 
2

























vanishes at both y = 
2
and y = 
3





is dened separately in open neighborhoods
1
It serves no purpose to introduce the terminology \Lorentzian equations of motion" and \Eu-
clidean equations of motion", since a stationary Lorentzian solution and its associated instanton
satisfy the same equations of motion.
5
of y = 
2
and y = 
3
, and in each of these neighborhoods the constant k of Eq. (12b) is
chosen appropriately.
Topologically, the Ernst instanton can be viewed as IR
4





removed, and points along the S
1
direction identied. This two{dimensional surface
is y = 
2
, and is referred to below as the Euclidean wormhole. The acceleration horizon
of the Lorentzian Ernst solution corresponds to the two{dimensional surface y = 
3
of the
instanton solution. For the instanton, the wormhole y = 
2
surrounds the surface y = 
3
.























) + (boundary terms) : (13)
The path integral is ultimately dened as a sum over either Lorentzian metrics, or Euclidean
metrics, or some other class of metrics. For the purpose of computing the leading order
(exponential) contribution to the path integral this issue is not important. In particular,
the instanton can be viewed as a stationary point in a sum over real N , V , h, , and A that
lies o the axis of integration. Alternatively, one can rotate the integration contours for N ,
V , and  in the complex plane so that the instanton lies on the axis of integration.
The boundary terms in S depend on the boundary conditions that are appropriate for
the problem at hand. Here, the pair creation rate for electrically charged black holes is
computed relative to the pair creation rate for electrically charged stars. In the instanton
approximation this is given by the exponential of S for the electric Ernst instanton (eEi)
divided by the exponential of S for the charged star instanton (csi). Thus, all that is
required is the dierence S[eEi]   S[csi]. I will assume that the stars are compact, and
that the matter, charge, and stress inside the stars are distributed in such a way that the
gravitational and electromagnetic elds outside the stars coincide with the elds of the
electric Ernst solution exterior to a pair of closed surfaces that surround the black holes.
Then the instanton for the charged star is topologically IR
4
and coincides with the electric





matter (for the charged star instanton) or wormhole (for the Ernst instanton). In this case
the boundary terms that appear in Eq. (13) cancel in the calculation of S[eEi]  S[csi].
The calculation S[eEi]   S[csi] is easily carried out using the Hamiltonian approach
with the electric Ernst and charged star instantons foliated along the surfaces of constant























+ (boundary terms) ; (14)
where H, H
i
, and G are the Hamiltonian, momentum, and Gauss's law constraints. For
the theory that describes the charged star solution, the matter elds contribute extra \p _q"
terms to S and also contribute terms to the constraints. (The matter elds might also
contribute boundary terms at innity. These will vanish for the charged star instanton since
the matter distribution is compact.) The boundary terms in Eq. (14) include the boundary
terms at innity from Eq. (13) and also boundary terms that arise from total derivatives
and integrations by parts in the space{time decomposition. The surfaces t = const extend
from innity to the \acceleration horizon" two{surface y = 
3
, which serves as a boundary
6
for the three{dimensional hypersurfaces. The boundary terms in Eq. (14) include boundary
terms at y = 
3
. These terms, like the boundary terms at innity, cancel in the calculation
of the dierence S[eEi]  S[csi].
For the electric Ernst instanton, but not for the charged star instanton, the hypersurfaces
t = const intersect at the Euclidean wormhole. This two{dimensional surface constitutes an
inner boundary b of topology S
2
for the hypersurfaces. In passing from the Lagrangian form
(13) to the Hamiltonian form (14) of S, the various total derivatives and integrations by
parts introduce boundary terms at b. These boundary terms can be derived by cutting out a
small region surrounding the wormhole, then taking the limit as the excised region vanishes.




is introduced into the Ernst instanton
manifold. Under the simplifying assumption that the (outward pointing) unit normal vector
eld n








































Here,  denotes the determinant of the metric on b.
With S written in Hamiltonian form (14), all boundary terms except those displayed in
Eq. (15) cancel in the calculation S[eEi]  S[csi]. Furthermore, for both the electric Ernst
instanton and the charged star instanton, the (four{dimensional) volume integral terms in S
vanish|the \p _q" terms vanish by stationarity and the remaining terms vanish because the
constraints hold. Therefore S[eEi] S[csi] is equal to the boundary term (15) evaluated at












vanishes at the wormhole b. Thus only




N , we have














N )=(8) : (16)







N) is the rate of change of proper circumference
with respect to proper radius for the circular trajectories of @=@t in the neighborhood of
B. (The minus sign appears because the normal n

points in the direction of decreasing













 of the wormhole. In turn, A
BH
equals the area of each black
hole in the Lorentzian Ernst solution.
Equation (17) shows that, in the instanton approximation, the pair creation rate for
electrically charged black holes is enhanced by a factor of exp(A
BH
=4) relative to the pair
creation rate for electrically charged stars. It is important to note that, with the calculation
organized as above, the detailed forms of the electric Ernst solution and the charged star
solution are not needed. Thus, the result (17) shows that the pair creation rate for black
holes in Einstein{Maxwell theory is always enhanced by the factor exp(A
BH
=4) relative to
the pair creation rate for matter distributions.
I would like to thank Gary Horowitz for remarks that led to this investigation.
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